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a b s t r a c t 

The effective thermal conductivity of a granular material varies with the predominant heat transfers di- 

rection. The anisotropic effective thermal conductivity is known to be dominated by the microstructure in 

a dry material. However, no microstructural parameters that are well related to thermal anisotropy have 

been proposed. After analysing the heat transfer mechanisms at the particle scale, this work constructs 

new directed weighted thermal networks for both lattice and randomly distributed sphere packings, by 

considering particles as nodes and local heat transfer paths with thermal resistance as directed edges. 

With the implementation of graph theory to the directed weighted thermal networks, the shortest pref- 

erential heat transfer paths between nodes paired at opposite faces of a sample across the driving tem- 

perature gradient direction are identified. Based on the shortest heat transfer paths, a new sample-scale 

feature named “directed network thermal resistance ” is computed for each sample. This new parameter ac- 

counts for particle connectivity, interparticle contact orientation and contact quality simultaneously. Af- 

ter computing the effective thermal conductivity of each sample in different directions using a weighted 

thermal network model, it is found that directed network thermal resistance is inversely proportional to 

anisotropic effective thermal conductivity. 

© 2022 Elsevier Ltd. All rights reserved. 
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. Introduction 

Heat transfer in porous media is crucial in a wide range of in- 

ustries such as, geothermal systems [1] , carbon dioxide geological 

torage [2] , coal bed methane extraction [3] and granular bed [4] . 

ffective thermal conductivity λe f f is a parameter used for quanti- 

ying the heat transfer rate through a material. A shallow geother- 

al system utilises porous geomaterials such as soils and sands as 

 heat source to warm a building in the winter or a heat sink to

ool a building in the summer. The λe f f of a geomaterial can vary 

n different directions due to geological consolidation. For exam- 

le, the λe f f of the Opalinus clay is 1.55 W/(m K) when measur- 

ng parallel to its bedding direction, which is double the λe f f per- 

endicular to the bedding direction [5] . This large difference could 

ominate the design of the geothermal system in a site, since a 

ertical geothermal system requires high horizontal λe f f while a 

orizontal system needs high vertical λe f f . The heat transfer rate 

arying in different directions is called thermal anisotropy. In an 

nergy pile system that allows a building to use pile foundations 

o exchange heat with soil/rocks, pile driving induces the deforma- 
∗ Corresponding author. 
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ion of soils surrounding the pile and hence increasing the thermal 

nisotropy of soils [6] . In deep geothermal engineering, the con- 

ection of high-temperature water and steam aggravate the ther- 

al anisotropy of fractured and layered rocks [7] . The above en- 

ineering scenarios highlight the significance of studying thermal 

nisotropy in geomaterials. 

The λe f f of a geomaterial at rest depends on its interior mi- 

rostructure. However, plenty of conventional [8–10] and more ad- 

anced artificial neural network models [11–13] for λe f f prediction 

onsider sample-scale porosity as the sole microstructural param- 

ter. Smaller particle-scale and meso-scale microstructural param- 

ters such as particle shape and particle connectivity were not in- 

luded in the models although extensive research presented their 

mportance to heat transfer. For a packing made of elongated par- 

icles, its λe f f is significantly higher when heat transfers through 

he long-axial direction than that through the short-axial direction 

14] . In addition, the roughness of the particle surface increases 

he thermal anisotropy of an ellipsoid assembly since roughness 

ncreases the number of contact points along the minor axes than 

hat on the major axes of the ellipsoids [15] . 

A contact between two particles can be characterised in various 

spects such as contact number (i.e. coordination number), contact 

uality (e.g. contact area or thermal resistance) and contact orien- 

https://doi.org/10.1016/j.ijheatmasstransfer.2022.122987
http://www.ScienceDirect.com
http://www.elsevier.com/locate/hmt
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijheatmasstransfer.2022.122987&domain=pdf
mailto:narsilio@unimelb.edu.au
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Fig. 1. The unit cells of the regular packings studied: SC (a), SH (b), BCC (c), TS (d) and DHCP (e) alongside the corresponding packings of SC (f), SH (g), BCC (h), TS (i) and 

DHCP (j). 
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ation (i.e. contact angle). The change of contact number and con- 

act quality along heat transfer direction affects thermal anisotropy. 

ang et al. [16] discovered that the connectivity of particles along 

he heat transfer direction could be a preferential heat transfer 

ath. Therefore, it is an economical way to improve heat transfer 

y concentrating the contacts of particles along the thermal gra- 

ient [ 17 , 18 ]. Even embedding a small percentage of long particles

ith high thermal conductivity and aligning their long axis with 

emperature gradient can improve λe f f by 30% [19] . In a sample 

nder deformation, the topology/fabric and contact area are also 

elated to the deformation-induced thermal anisotropy [20] . De- 

pite the observed importance of contact to thermal anisotropy, no 

irect relationship between microstructural parameters and ther- 

al anisotropy has been established because of the lack of directed 

icrostructural parameters. 

Graph theory, also known as complex network theory, is a pow- 

rful mathematical tool based on networks to quantify the parti- 

le arrangement [ 21 , 22 ], pore connectivity [23] , force transmission 

24] and heat transfer [25] at multiple scales. Its application to 

ranular materials enriches the family of microstructural param- 

ters, especially addressing the issue of scarcity in characteristic 

arameters available to quantify particle connectivity. Coordination 

umber may be one of the few parameters available to date for 

uch a task. A contact network of particle packing can be built by 

ssigning a node for each particle and generating an edge if two 

articles are in contact. Contact area can also be incorporated into 

ach edge to form a weighted contact network from which net- 

ork features extracted cover both particle connectivity and con- 

act quality. Similarly, a weighted thermal network can be con- 

tructed by further generating near-contact edges if two adjacent 

articles have a small gap, and incorporate thermal conductance 

nstead of contact area to each edge for the weighting. The features 

rom the networks are well correlated to λe f f of isotropic materi- 

ls [ 25 , 26 ]. However, the application of graph theory to investigate

hermal anisotropy is still an untouched research topic. 

This paper aims to use graph theory to find a microstructural 

arameter that relates to thermal anisotropy well. Both lattice 

phere packings and randomly distributed sphere packings were 

reated. While the existing networks used in the study of porous 

edia are typically undirected (i.e., the edge from node i to node j 

s the same as the edge from node j to node i in an undirected net-

ork), directed weighted thermal networks were constructed for 
i

2 
ach sample in this paper, meaning that edges in this new net- 

orks are affected by the predominant heat transfer direction (i.e., 

he external driving temperature gradient) and local thermal con- 

uctance. This allowed to identify preferential heat transfer paths 

nd compute a new sample scale thermal resistance R from each 

ew thermal network. Finally, the relationship between R and λe f f 

long different heat transfer directions for each regular (lattice) 

acking were investigated. 

. Granular assemblies 

Regular sphere packings as well as randomly distributed sphere 

ackings were built for this study. Details of each are summarised 

n this section. 

.1. Lattice sphere packings 

Simple cubic (SC), simple hexagonal (SH), body centred cubic 

BCC), tetragonal sphenoidal (TS) and double hexagonal closed- 

acked (DHCP) are five lattice structures that were selected in this 

ork to build sphere packings, and their unit cells are shown in 

ig. 1 (a–e). SH is a hexagonal prism with an atom on each of 

2 corners and both faces. TS is a sphere packing with one spe- 

ial rhombic face and two rhombic faces [27] . DHCP has a 4-layer 

tacking pattern ABAC-ABAC. The relatively large sphere packings 

 Fig. 1 (f–j)) consisting of different lattice structures have differ- 

nt coordination numbers (CN) and porosity ( Table 1 ). Note all 

he sphere packings were intentionally constructed as hexahedrons 

 Fig. 1 (f–j)) in this study rather than stacking multiple unit cells 

 Fig. 1 (a–e) together to calculate the λe f f in x, y and z directions.

C and BCC are isotropic samples and used to check the algorithms 

f computing the new directed thermal resistance. The bound- 

ries of other samples are not in line with the symmetry crystallo- 

raphic axes, but samples were considered to be larger enough to 

nvestigate the anisotropy of thermal conductivity without many 

rrors being introduced. 

Based on the SC lattice ( Fig. 1 (a)), 10 0 0 spheres of diameter

.31 mm were arranged with a distance of 1.3 mm between the 

entroids of each two neighbouring spheres, resulting in a sample 

 Fig. 1 (f)) with a CN of 5.4 computed using Eq. (1) and porosity

f 0.477 considering the void volume in the blue block displayed 

n Fig. 1 (f). The sample size is large enough for heat transfer 
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Table 1 

Lattice sphere packings information. 

Sample SC SH BCC TS DHCP 

Theoretical coordination number 6 8 8 10 12 

Theoretical porosity 0.476 0.395 0.320 0.302 0.260 

Particle number in the packing 1000 1050 1729 1876 1502 

Coordination number in the packing 5.4 7.1 6.7 8.8 10.5 

Porosity in the packing 0.477 0.394 0.343 0.304 0.261 

Length in mm ( L x ) 11.70 11.70 13.51 13 13 

Width in mm ( L y ) 11.70 11.70 13.51 13.51 12.74 

Height in mm ( L z ) 11.70 11.26 13.51 13.51 11.26 

Note: each sphere has diameters of 0.13 mm and a distance of 0.131 mm from its centroids to its 

neighbours. Dimensions of a sphere packing were measured using the blue block in Fig. 1 . 

Fig. 2. DEM samples with porosity of 0.2 (a), 0.3 (b) and 0.4 (c). 
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Table 2 

Simulation parameters used in DEM. 

Parameters Values 

Density (kg/m 

3 ) 2600 

Young’s modulus (GPa) 1 

Poisson’s ratio 0.2 

Particle number in the packing 5968 

Sphere radius (mm) 0.3–0.35 

Friction coefficient 0.5 

Rolling friction coefficient 0.2 
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imulation in granular materials compared with 211 spheres 

sed in the paper [28] . The other packings were similarly built. 

able 1 summarises key information for each of the constructed 

ackings. The unit cell of SH and DHCP are hexagonal prisms if 

ymmetric boundaries are desired. Since the large sphere packings 

f SH and DHCP are hexahedrons as shown in Fig. 1 (b) and (e)

nstead of hexagonal prisms, the same sphere pattern is used on 

he opposite boundaries of SH/ DHCP along an axis to achieve 

ome periodicity, as shown in Fig. 1 (g) and (j). 

 N = 2 · C ontact number of al l particl es in the packing 

P article number in the packing 
(1) 

.2. Randomly distributed sphere packings 

Compared with lattice sphere packings in which spheres are 

ocated in order, randomly distributed sphere packings are more 

ommonly encountered in nature and geotechnical engineering 

pplications. In this work, randomly distributed sphere packings 

arying in porosity, as shown in Fig. 2 , were generated using 

iggghts [29] , an open-source discrete element method (DEM) par- 

icle simulation software. In the DEM simulation, 5968 spheres 

ith radii of 0.3–0.35 mm were first randomly located in a rela- 

ively large cube with an edge length of 15 mm. Next, the planes 

f the cube are moved inwards along the vertical (z) direction 

t a higher rate than the horizontal (x and y) directions. The z- 

irectional velocity is set 1.5 times higher than that at x- and y- 

irections to induce an anisotropic microstructure of the packing. 

ive samples with different porosities, 0.2, 0.25, 0.3, 0.35 and 0.4 

ere constructed. The inclusion of the rolling friction coefficient in 

 DEM simulation can result in a strong force network that is ori- 

ntated firmly along the major stress direction and can make the 

ample more heterogenous after deformation .A rolling friction co- 

fficient was set as 0.2 in this work to ensure a realistic particle 

otational frustration [30] . Other DEM simulation parameters are 

ummarised in Table 2 . 
3 
. Directed network feature 

Since a network is the basis for computing network features 

or network parameters), this section introduces the heat transfer 

echanisms with analogous resistors to indicate the potential of 

sing directed weighted thermal networks to analyse heat trans- 

er. The new network considers inter-particle contact orientation 

nd uses the thermal resistance as the weight for each network 

dge. The computation of thermal resistance of resistors is intro- 

uced, followed by the details of constructing a directed thermal 

etwork. At last, a network feature from the network is extracted 

o quantify the directed thermal resistance of a sample. 

.1. Heat transfer analysis using resistors 

The λe f f of a sample can be computed by using Fourier’s law 

 Eq. (2) ): 

e f f = 

1 
A 

∑ 

Q i j 

( T inlet − T outlet ) /L 
(2) 

here A is the cross-section area of the sample in the direction 

erpendicular to heat transfer (the major temperature gradient di- 

ection), 
∑ 

Q i j is the sum of the heat flux Q i j at each edge (i-j) 

ntersecting the cross-section plan, T inlet and T outlet are the bound- 

ry temperature at inlet (i.e., “high” temperature) and outlet (i.e., 
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Fig. 3. Schematic heat conduction paths in lattice sphere packing SC (a), SH (b) and BCC (c). Solid arrows in particles represent heat transfer in particle and via interparticle 

contacts, while dash arrows indicate heat transfer through particle-fluid-particle. 
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low” temperature) planes of the sample, L is the sample length 

long the predominant heat transfer direction. Hence, for differ- 

nt samples with the same temperature gradient ( T inlet − T outlet ) /L , 

heir λe f f is directly proportional to the heat flux density 1 
A 

∑ 

Q i j 

n a given boundary plane. 

The mechanisms of heat transfer in dry granular materials in- 

lude heat conduction, convection and radiation. Air flows slowly 

hen air pressure is less than 0.15 MPa and the corresponding 

onvection is negligible [31] . Furthermore, heat radiation is usu- 

lly ignored at a temperature lower than 10 0 0 K [32] . Hence, heat

onvection and radiation are ignored in dry granular geomaterials 

e.g., sands) in this paper. In dry granular geomaterials, heat flux 

etween two particles is concentrated near interparticle contact 

r near-contact [ 33 , 34 ]. Hence, the temperature within a particle 

ould be treated as uniform if the solid is assumed as a perfect 

onductor, and then Eq. (3) can be used to compute the heat con- 

uction between particles: 

 i j = 

1 

R i j 

(
T i − T j 

)
(3) 

here Q i j , R i j are the heat flux and thermal resistance between 

ode i at a temperature T i and node j at a temperature T j , re- 

pectively. According to Eq. (3) , heat would not transfer between 

articles on the same plane that is perpendicular to the predomi- 

ant heat transfer direction, since their temperatures would be the 

ame. For example, heat only travels vertically rather than hor- 

zontally in the SC sample ( Fig. 3 (a)) when a vertical (z) tem-

erature gradient is prescribed (i.e., horizontal x-y planes are 

sothermal planes). This analysis hints that the characterization of 

he microstructural topology in the heat transfer direction is re- 

uired to quantify thermal anisotropy. By comparing the SC and SH 

 Fig. 3 (b)) samples, their difference of 1 
A 

∑ 

Q i j is attributed to the 

eat transfer paths density between the boundary particles on the 

nlet and outlet faces when a vertical temperature gradient is pre- 

cribed. As for the BCC sample ( Fig. 3 (c)), the heat transfer paths

ensities also depends on the heat transfer direction. Hence, the 

eat transfer paths are required to be identified to calculate their 

ensity. 

Widely used microstructural parameters such as porosity is a 

haracteristic at the macro-scale, which has no direct relationship 

ith the heat transfer path. The coordination number quantifies 

he number of connections between a particle and its neighbours, 

ut the effect of contact direction on temperature difference is not 

ncluded. For example, the coordination numbers in the vertical (z) 

nd horizontal (x and y) directions in SC are the same, but the con- 

acts perpendicular to the heat transfer direction do not contribute 

o the heat flux in Eq. (3) . 
4

Additionally, one reason for the difficulty of characterizing ther- 

al conduction in soils is that heat conducts in both solid and fluid 

hases, compared to fluid flow only in pore space and force trans- 

ission only through solids. The particle-fluid-particle conduction 

hown as dash arrows in ( Fig. 3 (c)) has not been characterized by 

oordination number and other traditional microstructural param- 

ters. 

Inspired by Eq. (3) , a resistor was used to present the heat 

ransfer path between two particles, as shown in Fig. 4 (a). Resis- 

ors were not created at the contacts that are perpendicular to the 

ain (macro-scale) heat transfer direction since one may not ex- 

ect a high temperature difference and heat flux through the con- 

acts. Next, for each particle at the inlet boundary (top x-y bound- 

ry plane in this example), a paired particle on the outlet boundary 

bottom x-y plane) was found if the in-series resistors between the 

wo inlet and outlet particles have the smallest resistance. The in- 

eries resistors could be presented as long inlet-outlet resistors as 

hown in Fig. 4 (b). 

All generated long inlet-outlet resistors connect the paired inlet 

nd outlet particles in parallel, which relates to the contribution 

f the particle to the 
∑ 

Q i j in Eq. (2) . The parallel inlet-outlet re- 

istors can be used to calculate a sample-scale resistance R, which 

s named “directed network thermal resistance ” in this paper. The 

opology of the resistors in a sample can be abstracted using a di- 

ected network by considering each particle is a node and each 

esistor is an edge. The thermal resistance of each resistor is con- 

idered as the weight to be added to each edge. In the next section, 

e will show how the thermal resistance is calculated. 

.2. Thermal resistance computation 

Heat conduction in dry granular materials occurs via three main 

aths: (1) within particles, (2) through interparticle contacts when 

wo particles are in touch and (3) through near-contacts, which are 

mall gaps between neighbouring particles as shown in Fig. 5 (a). 

or sphere packings, particles in contact are represented as two 

articles that overlapped with a (flat surface) contact radius r c . 

his assumption is widely used in DEM software [ 35 , 36 ]. 

Batchelor and O’Brien [34] proposed expressions for local ther- 

al conductance that is the reciprocal of thermal resistance in par- 

icles, between particles in and near in contact, by approximat- 

ng heat flux across two particles through as a cylindrical conduc- 

or of equivalent radius r i j ( Fig. 5 (b)). In other words, heat flux in

article packings are hindered by (thermal) resistances within the 

article itself ( R P n ), at the contact between neighbouring particles 

 R contact 
i j inter par ticle 

) and to a lesser degree at the “small enough” void gaps 

etween particles in the packing ( R contact 
j k gap 

). These resistances can 
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Fig. 4. The implementation of conductor to represent heat transfer between two neighbouring particles (a) and pairs of particles at the inlet (top) and outlet (bottom) 

boundaries. 

Fig. 5. Contact conditions (a) and the associated local thermal conductance (b) 

were used to compute the effective thermal conductance between two particles (c). 
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e idealised as occurring through cylindrical bodies of equivalent 

hermal resistance (or reciprocal conductance) and can be approxi- 

ated as follows (see [34] and implementations in e.g., [ 26 , 37 , 38 ]):

• Thermal resistance within a particle is: 

R 

P 
n = 

r n 

πλs 

(
r c 

i j 

)2 
, n ∈ [ i, j ] (4) 

here r n (n ∈ [ i, j ] ) is the radius of particle i or j; λS is the ther-

al conductivity of solid particles; r c 
i j 

is an effective value of the 

adius r i j of the equivalent cylinder ( Fig. 5 (b)). It is known that 

emperature distribution in a particle with finite thermal conduc- 

ivity depart from uniformity at the contact point and then spread 

ut [34] . This pattern is affected by the particle curvature, which 

s considered by adjusting r i j in Eq. (5) : 

 

c 
i j = χ · r i j = χ

2 r i r j 

r i + r j 
(5) 
5

here χ is the estimate of the fraction of the equivalent cylinder 

adius, and it is set to 0.5 in this work following the verification for 

ands in paper [37] . Its value could be 0.6–0.8 when studying the 

e f f of packed pebble beds with the consideration of the reduction 

f gas thermal conductivity due to the decrease of gas pressure on 

i.e., Smoluchowski effect) [ 39 , 40 ]. 

• Thermal resistance between overlapped particles with a 

contact radius of r c is: 

R 

contact 
i j ov erlap 

= 

(
π · λv · r i j ·

[
λc + �λg + ln 

(
α2 

)])−1 
(6) 

here λv is the thermal conductivity of fluid in void space. 
 

λc = 

2 βi j 

π and �λg = −2 ln 

(
βi j 

)
i f βi j → ∞ 

λc = 0 . 22 β2 
i j 

and �λg = −0 . 05 β2 
i j 

i f βi j < 1 

(7) 

here βi j is an overlap parameter related to the thermal conduc- 

ivity ratio α = λs / λv . 

i j = α · r c 

r i j 

= 

λs 

λv 
· r c 

r i j 

(8) 

• Thermal resistance between particles near in contact (i.e. 

with a small gap h jk ): 

If the h jk < ε · R jk where ε is the cutoff parameter to define the 

aximum distance that heats conduction between particle j and k 

ia fluid in the void; ε was set as 0.5 following the verification for 

ands in paper [37] . 

 

contact 
j k gap 

= 

{ (
π · λv · r jk · ln 

(
α2 

))−1 
i f κ jk � 1 (

π · λv · r jk · ln 

(
1 + χ2 · R jk 

))−1 
otherwise 

(9) 

here κ jk is a sphere separation parameter and defined as: 

jk = 

α2 · h jk 

r jk 
(10) 

By considering the local heat transfer paths as resistors in se- 

ies, the effective thermal resistance can then be computed as: 

 

e f f 
i j 

= 

{ 

R 

P 
i 

+ R 

contact 
i j ov erlap 

+ R 

P 
j 

i f in contact 

R 

P 
j 
+ R 

contact 
j k gap 

+ R 

P 
k 

i f in near − contact 
(11) 
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Fig. 6. Schematic illustration of constructing a directed thermal network (tempera- 

ture field computed using FEM to better illustrate temperature gradients). 
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.3. Directed thermal network construction 

In an undirected thermal network in our previous work [ 25 , 26 ],

 node represents a particle while an edge represents an interpar- 

icle contact or a near-contact. Since heat travels from high tem- 

erature to low temperature, the direction should be considered 

hen searching the in-series resistors from thermal inlet to out- 

et particles, especially in randomly distributed sphere packings. 

n a directed thermal network shown in Fig. 6 , the shortest heat 

ransfer path is A-B-C-D-E-F-G. If the direction was not consid- 

red, the shortest heat transfer path would be incorrectly identi- 

ed as A-B-H-G. In this work, the direction of a network edge is 

etermined by the coordinates of the two nodes at the ends of the 

dge. Here we assume a close correlation between particle posi- 

ion and temperature distribution (and heat flux direction) which 

s reasonable for lattice and random packings. For example, if the 

ain heat transfer direction is downward along the z-axis in Fig. 6 , 

 to C is likely to be the correct direction of edge HC since H has

 larger z value (and higher temperature) than C. While this would 

ot hold true if the participle on top of H were not there (and par-

icle C would have higher temperature than particle H, thus revers- 

ng the heat flux direction to be C-H), this loss of particle connec- 

ivity is unlikely to occur in random packings subjected to gravity 

and compressive stresses), thus the simple use of particle position 

o determine (thermal) edge direction. For contacts that are per- 

endicular to the main heat transfer direction, no edges were gen- 

rated since the temperature difference through the contacts are 

ero. 

In addition, thermal resistance at an interparticle contact could 

e ten times smaller than that at a near-contact in a dry gran- 

lar material since the thermal conductivity of a solid mineral 

ould be 3 W/(m K) [ 33 , 37 ] while the thermal conductivity of

ir is 0.025 W/(m K) [41] . If neglecting the resistance, the local 

ath D-F could be incorrectly recognised as a shortcut. Further- 

ore, since an angle θ exists between an edge and the main heat 

ransfer direction (e.g. from top to bottom in Fig. 6 ), the ther- 

al resistance R 
e f f 
i j 

computed from Eq. (11) at an edge should 

e penalised by multiplying cosθ since the thermal resistance of 

 resistor is proportional to its length. The penalised thermal 

esistance at each contact was employed as a weight for each 

etwork edge, finally resulting in a directed weighted thermal 

etwork. 
6 
.4. Directed network thermal resistance computation 

As presented in Fig. 4 (b), each paired inlet-outlet particles can 

e connected by a long inlet-outlet resistor that represents a pref- 

rential heat transfer path. If the resistance R inlet −out let of each long 

nlet-outlet resistors is given, then the thermal resistance of the 

ample can be calculated as the reciprocal of the sum of recipro- 

als of the individual resistors using Eq. (12) since these long inlet- 

utlet resistors are in parallel: 

 = 

(∑ 1 

R inlet −out let 

)−1 

(12) 

Based on the constructed weighted directed thermal network, 

 python library for complex network theory (i.e., graph theory) 

alled graph-tool [42] was used to identify the long thermal inlet- 

utlet resistors that consist of local resistors (i.e., each network 

dge) in-series ( Fig. 4 (a)). Graph-tool searches all the potential 

aths between the paired inlet and outlet particles and calculates 

he R inlet −out let on the paths. The path with smallest R inlet −out let was 

ept as the long inlet-outlet resistor. 

After graph-tool finds the long inlet-outlet path with the lowest 

 inlet −out let , the next step is to check whether any local resistor on 

his path intersects with other local resistors, i.e., multiple path- 

ays may intersect. If an intersection exists, partial heat transfer 

ontributions from the other pathways are then accounted using 

he resistances of the intersected resistors recorded by graph-tool. 

or example, the long inlet-outlet path with the lowest R inlet −out let 

n Fig. 6 is A-B-C-D-E-F-G, but path B-C meets path H-C at node 

. The simple sum of the thermal resistances of the resistors on 

-B-C-D-E-F-G would miss the contribution of heat on path H-C. 

herefore, the thermal resistance of BC needs to be modified using 

q. (13) since BC and HC are in parallel: 

 

e f f 
BC 

′ = 

R 

e f f 
BC 

R 

e f f 
HC 

R 

e f f 
BC 

+ R 

e f f 
HC 

(13) 

This paper also considered the side boundary condition as sym- 

etric when analysing heat transfer using thermal resistors. Only 

esistors with the centres of their corresponding contacts inside 

he blue box ( Fig. 1 ) were considered in the calculation of the ther-

al resistance of the inlet-outlet resistors. The centre of an inter- 

article contact or near-contact ( Fig. 5 ) was calculated using parti- 

le radii and the length of the related network edge. If the centre 

f a contact was at the side plane, the resistance of the related re- 

istor was doubled. If the centre of a contact was at the corner of 

he box, the resistance was quadrupled, this way we account for 

ymmetric temperature boundaries. 

The considerations of resistor intersection and boundary con- 

ition update the resistances of local resistors on the long inlet- 

utlet resistor. Then, the R inlet −out let of each inlet-outlet resistor is 

ecomputed and used to calculate the thermal resistance R of the 

n Eq. (12) . 

. Effective thermal conductivity computation 

.1. Thermal network model (TNM) 

Existing work [ 37 , 38 , 43 ] used a thermal network model (TNM)

ased on an undirected weighted thermal network to compute the 

e f f of a sample. Substituting the computed effective thermal re- 

istances R 
e f f 
i j 

from Eq. (11) into Eq. (3) , one can compute the heat 

ux Q i j transferred between any two particles i and j if the tem- 

erature T of the two particles are given. Eq. (3) can be expressed 
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Fig. 7. Heat transfer simulation using thermal conductance network model along x (a), y (b) and z (c) directions. 

Fig. 8. Finite element simulation of SH packing. (a) meshes, (b) boundary conditions and resulting temperature distribution and (c) heat flow direction and heat flux 

distribution on a vertical cross-section. 
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n a matrix form as: 
 

1 

R e f f 
i j 

− 1 

R e f f 
i j 

− 1 

R e f f 
i j 

1 

R e f f 
i j 

] [
T i 
T j 

]
= 

[
C e f f 

i j 

−C e f f 
i j 

−C e f f 
i j 

C e f f 
i j 

][
T i 
T j 

]
= 

[
Q i j 

Q ji 

]
(14) 

here C 
e f f 
i j 

is the thermal conductance between node i and j . 

Then, the above local matrix for two particles can be extended 

o a global matrix for all particles in a sphere packing as in 

q. (15) : 

T = Q (15) 

here C is the global thermal conductance matrix, T contains the 

emperature and heat flux at each particle and Q includes the heat 

ux between a paired two particles. Given the prescribed bound- 

ry temperature T inlet at the inlet and T outlet at the outlet bound- 

ries of a sphere packing, the unknown particle temperatures in 

q (14) were solved. Then, Eq. (2) was used to calculate the λe f f 

y substituting the archived Q i j and other known parameters. 

In this work, T inlet was assigned a constant value of 293 K, 

 outlet was computed using the same temperature gradient 

T = 400 K/m [37] for all the samples in Eq. (16) . 

 outlet = T inlet − ∇T × L (16) 

here L refers to Table 1 . The temperature distribution in an SH 

acking is shown in Fig. 7 . The edges are rendered in red to in-

icate heat conduction via the interparticle contact between every 

wo neighbouring particles in SH packing. 

.2. Finite element simulation (FEM) 

FEM is also used for heat transfer simulation and its results 

ere compared with the λe f f from TNM. The domains inside the 

lue blocks in Fig. 1 (f–j) were imported to COMSOL Multiphysics 
7 
44] to generate geometry and meshes, as shown in Fig. 8 (a) for 

H packing. Its inlet and outlet were assigned the same bound- 

ry temperature as in TNM, while the side boundaries were as- 

umed thermally insulated ( Fig. 8 (b)). The equations used to solve 

he heat transfer in granular materials can refer to our previous 

ork [26] . 

Heat flux was computed during FEM simulation and its distri- 

ution is shown in Fig. 8 (c), with heat flow direction presented as 

rrows. Heat flow arrows are concentrated at the interparticle con- 

acts that are not parallel to heat transfer, resulting in maxima of 

eat flux there. This observation proves the correctness of the as- 

umption when analysing heat transfer using thermal resistors in 

ection 3.1 . 

.3. Theoretical models 

Several widely accepted analytical expressions summarised in 

able 3 were also used to verify the λe f f from TNM. The an- 

lytical models such as series, parallel and Geometric mean, in 

ssence, treat solid phase and void phase as two big thermal con- 

uctors/resistances. A similar logic but a more complex combina- 

ion of thermal resistors were used for the heat analysis using con- 

uctors in this work ( Fig. 4 ). 

. Results and discussion 

.1. Model verification 

Effective thermal conductivity λe f f from theoretical models 

grey lines in Fig. 10 ) were used to verify the TNM model. In ad-

ition, the same samples were also used for FEM simulation in 

OMSOL Multiphysics. A mesh sensitivity analysis of the SC sam- 

le was conducted as shown in Fig. 9 . It is found the λe f f con-

erges in models with more than 20 million finite elements. Hence 
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Fig. 9. Mesh sensitivity analysis for SC and models with different number of tetra- 

hedra elements. 
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he COMSOL model with 24,185,169 tetrahedra elements was se- 

ected to compute the λe f f of SC and its corresponding mesh size 

arameters were used to generate meshes for other samples. For 
ig. 10. Effective thermal conductivity λe f f comparison from FEM, TNM and theoretical 

etailed subplot of (a) with λe f f in x direction versus a narrower range of porosity; (c) λ

eat transfer direction while presenting different samples in (b),(c) and (d). The colours o

Table 3 

Theoretical models of predicting λe f f . 

Model Equation 

Series [45] λe f f = ( 
∑ N

i =

Parallel [45] λe f f = 

∑ N 
i =1

Geometric mean (GM) [46] λe f f = 

∏ N 
i =1

Hashin-Shtrikaman(HS-U: upper bound,HS-L: lower bound) [47] λe f f = λ1 [ 1

Self-consistent (SC) [ 48 , 49 ] λe f f = 

1 
3 

[ 
2 λ

where λi is the thermal conductivity of the related phase occupying f i in the samp

8 
ll theoretical models, λe f f is the same as the solid thermal con- 

uctivity when the porosity is 0; whereas λe f f is the same as the 

oid thermal conductivity when the porosity is 1. In general, all 

e f f computed from both FEM and TNM fall within the theoreti- 

al values, as shown in Fig. 10 (a). Specifically, λe f f computed from 

EM is located between the Geometric mean model (GM) and the 

elf-consistent model (SC). The λe f f from TNM models and is dis- 

ributed around the GM curve and they are similar to the results 

rom FEM. 

After zooming in Fig. 10 (a) and showing the x-directed λe f f 

arked by lattice sample names in Fig. 10 (b), most of the λe f f 

n x direction calculated from TNM are above GM except for the 

e f f of BCC that is slightly below the GM. In contrast, most of 

he y-directed λe f f from TNM shown in Fig. 10 (c) are below the 

M except for SC. Additionally, both the y-directed λe f f from TNM 

nd FEM decrease with the increase of porosity at a similar slope 

atio of the GM curve, respectively. The deviation of their data 

rom their own decreasing trend is smaller than that in x-direction 

 Fig. 10 (b)) and z-direction ( Fig. 10 (d)). The small deviation is be-

ause the particles at the inlet and outlet of y-direction in each 

attice sphere packings have the same y values, as shown in Fig. 1 .
models: (a) λe f f in all x, y and z direction, and the porosity is from 0 to 1; (b) a 

e f f in y direction; (d) λe f f in z direction. Note that the markers in (a) indicate the 

f makers in all figures indicate the methods. 

 

1 
f i 
λi 

) −1 

 

f i · λi 

 

λ f i 
i 

 + 

3 f 2 ( λ2 −λ1 ) 
3 λ1 + f 1 ( λ2 −λ1 ) 

] (Upper: 1 = solid, 2 = pore;lower: 1 = pore, 2 = solid) 

1 −n 

e f f + λs 
+ 

n 
2 λe f f + λs 

] −1 

le, n is porosity. 



W. Fei, Q. Ma, K. Soga et al. International Journal of Heat and Mass Transfer 194 (2022) 122987 

Fig. 11. Concat angle influence on λe f f in BCC-like samples. 
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n other words, the centres of the inlet/outlet particles are on the 

lue inlet/outlet planes. 

.2. Effect of contact angle on effective thermal conductivity 

The contact angle between a resistor axis and the main heat 

ransfer direction was assumed to be important to the calculation 

f directed network thermal resistance R in Section 3.4 . In this 

ection, BCC-like sphere packings with different contact angles are 

sed to analyse the impact of contact angle on λe f f . From sam- 

le (a)–(e) in Fig. 11 , the angle of the contacts between the central

phere and other spheres at corners to vertical direction varied, 

hile the distance from centres of the particles diagonally in con- 

act remained the same. Undirected networks with edges rendered 

y thermal resistance are also presented in the samples. λe f f in 

ertical direction was computed using TNM. In sample (a)–(c) of 

ig. 11 , it can be seen that λe f f experiences a sharp decrease from 

.39 to 0.62 W/(m K) when contact angle increases from 27.2 ° to 

9.87 °. The observation indicates that contacts incline away from 

he main heat transfer direction can hinder the heat transfer and 

esult in a small λe f f . It also proves that the essentiality of con- 

idering contact angle to construct a directed thermal network in 

ection 3.3 . 

From sample (c)–(d), four new near-contacts appear. Although 
heir near-contact directions are the same as the main vertical heat t

ig. 12. Directed network thermal resistance R verses λe f f of lattice sphere packings. Soli

hen calculating λe f f in TNM. 

9 
ransfer direction, the λe f f still decreases when the interparticle 

ontact direction increases from 49.87 ° to 54.73 °. The decrease of 

e f f is because the thermal resistance of near-contacts is around 

0-times larger than that of interparticle contacts. With the inter- 

article contact angle further increases to 59.31 ° in the sample (e), 

he λe f f starts to increase because the resistance of near-contacts 

n sample (e) is only half of the value in the sample (d). The contri-

ution of near-contacts to the increase of λe f f indicates the neces- 

ity of including thermal resistance to build the weighted thermal 

etwork as explained in Section 3.3 . 

.3. Directed network thermal resistance R and thermal anisotropy in 

rdered sphere packings 

For each lattice sphere packing, both its directed and undirected 

hermal networks were constructed. The directed network was 

sed to calculate the new proposed sample-scale directed ther- 

al resistance R, while the undirected network was for computing 

e f f . To examine the robustness of the R when using it for predict- 

ng directed λe f f , the thermal conductivity of solid is not only set 

s 3 W/(m K), but also as 1 W/(m K) of monazite and 8 W/(m K)

f quartz [50] . 

A similar inversely proportional relationship between the di- 

ected R and λe f f are shown in Fig. 12 (a–c) even though the solid 

hermal conductivity varies. SC and BCC are two orthoisotropic 
d thermal conductivity is 1 W/(m K) in (a), 3 W/(m K) in (b) and 8 W/(m K) in (c) 
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Fig. 13. Contact orientation and thermal resistance distribution in lattice sphere packings when heat transfers in x, y and z directions. Solid thermal conductivity is 3 W/(m 

K) when computing thermal resistance. 
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amples, their R and λe f f are same in x, y and z directions, which 

ndicates the correctness of computing R. The correlation between 

 and λe f f of SH in different directions are well aligned with the 

eneral trend. In SH, the R in x-direction is around half of that in

-direction and 63% of that in z-direction, which is because of the 

ifferent contact angles to different directions. 
10 
To investigate the contribution of contact orientation and lo- 

al thermal resistance between neighbouring particles to R and 

nisotropic λe f f , the number of contacts and the local thermal re- 

istance along different orientations were displayed in rose dia- 

rams as shown in Fig. 13 . The orientation of a contact was de- 

ned as the angle between the main heat transfer direction and 
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Fig. 14. Contact orientation and thermal resistance distribution in SH and BCC when heat transfers in z direction. 
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he axial direction of a network edge. Due to heat transfers in x, y 

nd z directions, the relevant rose diagrams were plotted for each 

irection. As shown in Fig. 13 , thermal resistances at all interpar- 

icle contacts of all lattice sphere packings are the same since the 

verlapped contact areas between two adjacent particles are de- 

igned the same during the sample construction. Only interparticle 

ontacts exist in SH, around 25% of the contacts in SH are par- 

llel to the x-direction (i.e. contact angle is 0 °) with around 48% 

f contacts having a 60 ° angle to x-direction. In contrast, 50% of 

he contacts have no contribution to heat transfer in z-direction 

ince they are perpendicular to z-axis (i.e. contact angle is 90 °). 
he other 50% contacts dominate the heat transfer in z-direction, 

ut their contact angle to z-direction is 30 °. 
DHCP has a similar unit cell as SH as shown in Fig. 1 (b) and

e), but the middle vertical layer is rotated around y-axis in DHCP 

o that more contacts in DHCP have an angle of 60 ° to x-direction 

 Fig. 13 ), around 67% in DHCP while around 48% in SH. Although 

H has more contacts parallel to x-direction, the significantly large 

mount of 60 ° contacts enables DHCP to have a larger λe f f than 

H. The large amount of 60 ° contacts to x direction in DHCP also 

akes a similar contribution to heat transfer compared with the 

ontribution of a smaller amount of 30 ° and 73 ° interparticle con- 

acts to heat transfer in z-direction. 

In Fig. 12 (a), the z-directional λe f f of BCC is slightly larger 

han SH because near-contacts in BCC are parallel to z-direction 

s shown in Fig. 14 (b) even though the interparticle contacts in- 

line further away from z-direction (54.73 °) than those of SH (30 °). 
his observation indicates the importance of near-contacts to heat 

ransfer, especially when the ratio of solid thermal conductivity to 

oid thermal conductivity is small. However, the thermal resistance 

f interparticle contacts decreases from 6500 to 1150 m 

2 K/W when 

he thermal conductivity of solid increases from 1 to 8 W/(m K), 

he variation is larger than that of near-contacts (from 35,300 to 

1,900). Hence, the contribution of 0 ° near-contact in BCC is over- 

aken by the 30 ° interparticle contacts in SH when the solid in the 

ackings have larger thermal conductivity, resulting in the larger 

-directional λe f f of SH than that of BCC as shown in Fig. 12 (b) 

nd (c). 
11 
In Fig. 12 , the R of TS in x-direction is smaller than its R in z-

irection, and its λe f f in x direction is also smaller than its λe f f 

n z direction. This relationship between R and λe f f is different 

rom the general inversely proportional trend presented by black 

ines when considering the data from all samples in all three di- 

ections. The singularity is because the unit cell of TS shown in 

ig. 1 (d) has inclined side boundaries in x directions, which did 

ot result in periodic boundaries as in other lattice samples. After 

isualising the particle arrangement of TS by scaling down the par- 

icle size, and the isothermal surface in FEM simulations in Fig. 15 , 

t can be seen that spheres are arranged with a certain spacing 

n y-direction. Additionally, the spacings along with directions A 

nd B in the yz view shown in Fig. 15 (a) are the same. Hence, the

sothermal surfaces are perpendicular to the main heat transfer di- 

ection (i.e. the y-direction) shown in Fig. 15 (c). In contrast, the 

pacings along direction A are larger than that along direction B in 

he xz view ( Fig. 15 (b)). With around 15% interparticle contacts are 

arallel to x-direction (see TS in Fig. 13 ), the isothermal surfaces 

re still almost perpendicular to x-axis when heat transfers in x- 

irection ( Fig. 15 (d)). However, no interparticle contacts are paral- 

el to z-direction, resulting in the isothermal surfaces in the middle 

f TS are not perpendicular to the z-direction, shown in Fig. 15 (e). 

herefore, the angle θ ′ indicates the inclination of an edge along 

irection B away from the real temperature gradient direction in 

ontrast with angle θ which present the inclination of the edge 

way from the vertical direction. As shown in Fig. 15 (e), θ ′ is larger 

han θ and it might be better to be used to penalise the resistance 

t local contacts, resulting in in smaller local resistances and a 

maller sample-scale R. Then the penalised R using θ ′ could enable 

he R- λe f f relationship in TS matches the general inversely pro- 

ortional trend. However, in a randomly-distributed sphere sample 

sed in our previous paper [26] , as shown in Fig. 16 , the simu-

ated isothermal surfaces are still perpendicular to the main heat 

ransfer direction in general. Hence, θ will still be used to compute 

he local thermal resistance at each network edge and to investi- 

ate the relationship of R and λe f f in randomly distributed sphere 

ackings. 
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Fig. 15. Illustration of the structure of TS shown in (a) yz and (b) xz view. Note that the particle size is not in scale and the colours of lines in (a) and (b) indicate y and x 

values, respectively. Isothermal surface in TS when heat transfers in (c) y, (d) x and (e) z directions. 

Fig. 16. Randomly-distributed sphere packing: Finite element meshes (a), computed temperature distribution (b) and isothermal surface (c) [26] . 

Fig. 17. Thermal anisotropy: Directed network thermal resistance R versus λe f f of randomly distributed sphere packings (a). The ratio of directed network thermal resistance 

versus thermal anisotropy in x and z directions (b), and in y and z directions (c). 
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.4. Directed network thermal resistance and thermal anisotropy in 

andomly distributed sphere packings 

Five randomly distributed sphere packings with porosity of 0.2, 

.25, 0.3, 035 and 0.4 were prepared by compressing a large 

nough loose cubic sample with a z-directional velocity that is 

.5 times of x and y directional velocity to induce topological 
12 
nisotropy. The five samples were used to further investigate the 

easibility of applying new thermal directional network thermal re- 

istance R to predict λe f f in different directions (i.e, its potential to 

redict the extent of thermal anisotropy). 

In all x, y and z directions, results in Fig. 17 (a) still show that

e f f has an inversely proportional correlation with R. The data 

oints are coloured by the porosity of each sample, indicating 
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Fig. 18. Contact direction and thermal resistance distribution in randomly distributed sphere pakcings when heat transfers in x and z directions. 
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hat R decrease with the increase of porosity. Compared with that 

orosity cannot distinguish the difference of λe f f in different direc- 

ions, the proposed new R shows the advantage of redressing this 

hortcoming. Fig. 18 shows the contact angle and thermal resis- 

ance distribution in different directions. In contact angle distribu- 
13
ion at either x and y direction, the red area shrinks while the blue 

rea expands with the increase of porosity, indicating the number 

f interparticle contacts decreases while that of near-contacts in- 

reases. In addition, the thermal resistance at interparticle contacts 

ncreases while that at near-contacts decreases. 
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The ratio of z-directional λe f f to x or y directional λe f f , sym- 

olised as λz 
e f f 

/λx 
e f f 

and λz 
e f f 

/λx 
e f f 

, are used to quantify the ther- 

al anisotropy. Similarly, directional network thermal resistance 

atio R z / R x and R z / R y are created to examine their correlation with 

hermal anisotropy. Fig. 17 (b) and (c) show R z / R x and R z / R y are 

ell correlated with thermal anisotropy. In other words, the ratio 

f R in two different directions can indicate the extent of thermal 

nisotropy. 

. Conclusions 

This work constructed new directed weighted thermal networks 

y considering (1) topological contacts including interparticle con- 

acts and near-contacts, (2) local thermal resistance at each con- 

act, and (3) contact orientation. These three aspects quantify the 

hree attributes of a contact: (1) particle connectivity, (2) contact 

uality and (3) contact orientation, respectively. The importance of 

ach attribute to heat transfer was analysed theoretically and nu- 

erically. Directed weighted thermal networks were constructed 

or both lattice sphere packings and randomly distributed sphere 

ackings. From each network, a new sample-scale directed ther- 

al resistance R was extracted and it can encapsulate the three 

ttributes of contacts. Notably, the inlet-outlet thermal resistors 

epresenting preferential heat transfer paths are used to compute 

. Hence, this new thermal resistance computation approach in- 

olves multiple-scale microstructural characterization and can ben- 

fit material design for superior thermal properties. The λe f f of 

ach sample is computed using TNM that is verified by results 

rom theoretical models and FEM. The R shows a good correlation 

ith λe f f when heat transfers in different directions. The ratio of R 

n two different directions can also be used to indicate the extent 

f thermal anisotropy in the related directions. If gas is confined 

n small gaps, gas thermal conductivity reduces with the decrease 

f air pressure. This is known as the Smoluchowski effect and it is 

mportant in projects such as packed beds. 
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